We consider a qubit that is driven along its logical z axis, with noise along the z axis in the driving field Ω proportional to some function f (Ω), as well as noise along the logical x axis. We establish that whether or not errors due to both types of noise can be canceled out, even approximately, depends on the explicit functional form of f (Ω) by considering a power law form, f (Ω) ∝ Ω k . In particular, we show that such cancellation is impossible for k = 0, 1, or any even integer. However, any other odd integer value of k besides 1 does permit cancellation; in fact, we show that both types of errors can be corrected with a sequence of four square pulses of equal duration. We provide sets of parameters that correct for errors for various rotations and evaluate the error, measured by the infidelity, for the corrected rotations versus the naïve rotations. We also consider a train of four trapezoidal pulses, which take into account the fact that there will be, in real experimental systems, a finite rise time, again providing parameters for error-corrected rotations that employ such pulse sequences. Our dynamical decoupling error correction scheme works for any qubit platform as long as the errors are quasistatic.
I. INTRODUCTION
Error correction is one of the most important topics in the field of quantum computation. In fact, the whole subject of quantum computation as a practical field exists simply because quantum error correction is theoretically possible provided the error is not too large. Unlike the bits in a classical computer, which can only take one of two states, 0 and 1, a qubit in a quantum computer can take on an uncountably infinite number of different states of the form, α |0 + β |1 , where α and β are complex numbers satisfying |α| 2 + |β| 2 = 1. As a result, even small errors in the state of a qubit will adversely affect the results of a computation. Since decoherencerelated errors arising from external noise in the environment (even in the absence of any explicit errors in gate operations) are unavoidable in a quantum system, carrying out practical quantum error corrections is the key roadblock in building effective quantum computing circuits. The development of techniques for correcting for errors is therefore of utmost importance. In fact, much research has been devoted to just this topic, taking various approaches. One such approach is to build in error resistance via engineering of the physical system and error correction using ancilla qubits. For example, in semiconductor-based electron spin qubits, magnetic noise due to the presence of magnetic isotopes (i.e., non-zero nuclear spin in the environment) is a major source of error. This may be reduced by such techniques as isotopic purification (if possible) and polarization of the atomic nuclei. Another important error in semiconductor (and other solid state) qubits is the charge noise in the environment. One method that employs ancilla qubits to perform error correction is the surface code technique 1 . Topological qubits, such as the Majorana qubit, are, to an extent, immune to error 2 (i.e., some, though not all, operations are protected). Error cancellation methods that use designed pulses include the NMR-inspired Hahn echo method and its generalization, the Carr-PurcellMeiboom-Gill (CPMG) technique [3] [4] [5] , Bayesian estimation of parameters 6, 7 , and dynamical decoupling through specially-designed pulse sequences [7] [8] [9] [10] [11] [12] . In fact, carrying out error correction protocols through various alternative techniques, employing both software and hardware methods, is the single most active area in the subject of quantum computation, and progress in general has been slow in the sense that no qubit platform has yet experimentally achieved one single error-free logical qubit.
Our current work will focus on error correction via pulse engineering through the dynamical decoupling technique. We generalize the recent work of Ref. 13 , which considered a qubit driven only along the logical z axis subject to a noise term along its logical x axis (orthogonal-to-driving-field noise), with a Hamiltonian of the form,
where Ω(t) is the driving field and the δβ is a noiseinduced error term. We summarize below the main finding of Ref. 13 relevant for our work. In Ref. 13 , which itself is a special case of the general geometric method for dynamical decoupling developed in Ref. 14, it is shown that the conditions for correcting for this error term along the x axis (with the control driving field along the z axis) without any error in the driving field may be cast into a geometric picture; specifically, it is shown that the condition that results in cancellation of errors due to δβ to first order is equivalent to the condition that the curve traced out in the complex plane by
where φ(t), the rotation angle at time t, given by
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where T is the duration of the gate. The driving field is simply proportional to the curvature of this curve,
Conditions for cancellation of higher-order terms are also found, imposing further restrictions on this curve. We will generalize these results to the case in which noise in the driving field is also present, i.e., we consider the Hamiltonian,
where f (Ω) is some function of the driving field. In this case, δ represents fluctuations in some parameter that controls the driving field. We refer the reader to Ref. 13 for the details and the background on the geometric methods for dynamical decoupling and for a general review of the literature in this context, focusing entirely in our work on how to correct for errors existing along both the x and z axes as shown explicitly in Eq. (6) above. Throughout this work, we will make the quasistatic approximation, i.e., we will assume that δ and δβ remain constant for the entirety of a given gate. Thus, the applied pulses are thought to be fast compared with the dynamical time scale of the error terms in Eq. (6), which is a reasonable approximation for many types of "slow noise" arising in practical qubits. Also, this "slow-noise" approximation could always be satisfied, in principle, by making the external pulses and drives faster. We will also be considering power law forms for f (Ω), i.e., f (Ω) ∝ Ω k . Our main goal is to determine whether or not correction of both types of errors (i.e., δβ and δ ) is possible for a given value of k. Note that the errors themselves are considered to be completely unknown and arbitrary except for their quasistatic nature, i.e., the "slow-noise" assumption.
While our results are completely general and make no reference to a specific qubit platform or architecture, as long as it can be represented by a Hamiltonian of this form, Eq. (6), we will give a few examples of physical systems that it could represent. The simplest example of such a system would be a single electron spin in a tunable magnetic field along the z axis; here, Ω(t) would be the Zeeman energy due to this field 15 . The error terms would then represent fluctuations in this field. Note that the two errors, δβ and δ , represent respectively the fluctuations in the transverse and longitudinal fields, both being of crucial importance in quantum computing. Another such example is a singlet-triplet qubit 16 with no intentionally-applied magnetic field gradient. In this case, Ω(t) is the (intended) exchange coupling between the two spins, which is controlled by changing the detuning between the two quantum dots; δ then represents the noise in the detuning. One may also encounter magnetic noise that induces a field gradient, given by the δβ term. We emphasize, however, that our theory is completely general and applies to all driven qubits obeying Eq. (6) under the slow noise approximation (i.e., timeindependent δβ and δ ).
We start by solving for the time evolution operator for the above Hamiltonian, Eq. (6), treating the error terms perturbatively. We then simply require that the firstorder terms in δβ and δ be zero. The condition that we obtain for canceling errors due to the δβ term is identical to that found in Ref. 13 , and thus the geometric picture described therein and summarized above applies here as well. The condition that results in the cancellation of the δ term,
is just a restriction on the curvature of the curve. If the driving field noise is the only type of noise present in the system, it may easily be shown that this condition will in fact exactly cancel this noise. Applied to the power law form of f (Ω), we will see that we can cast all of the conditions into forms that are independent of the proportionality constant in f (Ω). Applying this condition, we will find that, if k = 0 or 1, then full error correction for arbitrary rotations is impossible-in the former case, it is not possible to correct any rotation, and in the latter, only the identity operation, for which φ = 0, can be corrected. This comes from the fact that the integral is just proportional to φ when k = 1. Furthermore, even values of k do not allow for this condition to be satisfied; the integrand on the left-hand side will always be non-negative, and thus the integral can only be zero if Ω(t) = 0 for all times t. The only values of k for which error correction may be possible are therefore odd values other than 1. We show, in fact, that error correction is possible for these cases. This is simply due to the fact that Eq. (7) yields a distinct condition on the driving field from the condition that the operation result in a rotation by a specific angle φ about the z axis,
rather than a redundant (k = 1 and φ = 0) or contradictory (k = 0 or 1 and φ = 0) condition. We will consider the case of four square pulses of equal duration. Our choice of this sequence comes from the fact that there are four real-valued conditions, along with recent results indicating that the fastest pulses that cancel errors due to the δβ term are square pulses 17 . The four real-valued conditions are just the two error-cancellation conditions, Eqs. (4) and (7), along with the simple requirement that the gate perform a rotation about the z axis by a specific angle. We provide parameters for this four-pulse sequence that cancel both types of error for k = −3, −1, 3, and 5, though similar parameters can be found for other suitable values of k as well.
While these sequences made up of square pulses provide a proof of principle demonstrating that error correction is possible for the forms of f (Ω) considered, such perfect square pulses are not realizable in actual experiments. They assume that the driving field can be increased arbitrarily rapidly, which is not the case-there is always a finite rise time. As a result, we are interested in considering pulses that include such finite rise times for a practical implementation of our proposal. In particular, we consider a train of trapezoidal pulses, which consist of a linear rise or fall, followed by a constant segment. This choice is motivated by the fact that, for such a pulse sequence, the equations giving the constraints, while complicated, can be obtained in analytic form, albeit in terms of non-elementary functions (Fresnel integrals). We consider a train of four such pulses, plus a final ramp down to Ω = 0, and repeat the above analysis, this time only for f (Ω) ∝ Ω 3 . We once again show that error correction can be done, this time for a more realistic pulse sequence.
The rest of this article is organized as follows. We derive the general conditions for cancellation of errors to first order in Sec. II. We then specialize to the case of four square pulses in Sec. III and that of four trapezoidal pulses in Sec. IV, providing pulse parameters for each case and evaluating the performance of these pulses in terms of the fidelity of the operations. Finally, we give our conclusions in Sec. V.
II. ERROR CANCELLATION CONDITIONS
Let us begin by deriving the error cancellation conditions, Eqs. (4) and (7). We will consider here a qubit with the Hamiltonian given in Eq. (6) . We make the quasistatic approximation, i.e., we assume that δβ and δ are independent of time. Furthermore, we assume that the error in the driving field is proportional to some function f (Ω) of said driving field.
Without the error terms, we can solve for the evolution operator exactly; it is simply
where
We now add back in the error terms and attempt a perturbative solution in powers of δβ and δ . We decompose the full time evolution operator into two parts, U (t) = U 0 (t)U p (t). If we substitute this into the timedependent Schrödinger equation for the system, we find that
Because U p (t) is a 2 × 2 unitary operator, it may be written in the general form,
If we now substitute this into the effective Schrödinger equation, we obtain the following equations:
We now expand u and v in power series in δβ and δ :
If we substitute these expansions into the above equations and equate like powers, we obtain the recursion relations,
The initial conditions are g 00 (t) = 1 and h 00 (t) = 0. Furthermore, g kl (t = 0) = h kl (t = 0) = 0 if at least one of k and l > 0. We now apply a pulse of duration T to the system. We want to find the conditions under which this pulse will have zero error to first order in δ and δβ. If we now write down the equations giving these first-order corrections, we get
If we now solve these equations, we find that g 01 (t) = h 10 (t) = 0, while
Since g 01 (t) and h 10 (t) are already identical to zero for all times t, the condition for the cancellation of error due to orthogonal-to-driving-field noise to first order, represented by the δβ term, is
while that for driving field noise, represented by the δ term, is
These are just Eqs. (4) and (7), respectively. The first of these conditions is the same as that which was previously obtained in Ref. 13 in the case in which only δβ was present, i.e., assuming no noise in the driving field. The second simply imposes a further condition on the driving field. Note that, not unexpectedly, the existence of the longitudinal noise δ along the drive direction does not affect the condition for correcting the transverse error δβ.
We may show that, in fact, if δβ = 0, then Eq. (7) will result in exact (i.e., to all orders) cancellation of errors due to driving field noise. To see this, we simply note that, if δβ = 0, then we can solve for the evolution operator exactly, obtaining
where Φ(t) = φ(t) + δφ(t) and
We can thus cancel the error exactly if we require that δφ(T ) = 0, which gives us Eq. (7). Of course, we could also cancel the error by letting δφ(T ) = 2πn, with n any integer, but a nonzero n would require a precise knowledge of δ , thus making such error cancellation very impractical. We now consider two simple cases-f (Ω) = C, where C is an arbitrary dimensionless constant, and f (Ω) = Ω Ω0 , where Ω 0 is an arbitrary constant with units of energy. In the first case, if we substitute the form of f (Ω) into the left-hand side of Eq. (7), we get CT . This condition can only be satisfied if C = 0 or T = 0, i.e., we either have no driving field noise at all or we simply do not perform an operation. If C = 0, we see that it is impossible to cancel the error for any operation. For the second case, in which the noise depends linearly on the driving field, we find that the left-hand side of Eq. (7) is just
This is just proportional to φ(T ):
This tells us that, to cancel the driving field error, we would need to be simply performing an identity operation, i.e., φ(T ) = 0. Therefore, if the noise in the driving field is proportional to the driving field, then it is not possible to devise a means to cancel the driving field noise, even just to first order, for any non-trivial (i.e., other than the identity) operation. We will show, however, that other forms of f (Ω) do allow for cancellation of driving field noise for arbitrary operations. One such form is a power law dependence,
, with an odd power, i.e., for integer n. We note that the power must be odd (and, as just shown, not equal to 1), since, if the power were even, then f (Ω) will always be non-negative, and thus we cannot satisfy the driving field error cancellation condition, Eq. (7), unless Ω(t) = 0 for all times t.
III. TRAIN OF SQUARE PULSES
We will demonstrate this by showing that a sequence of four square pulses can cancel both types of error if f (Ω) is of such an odd (including negative integers) power law form. In fact, for such forms, we will find that the parameters do not depend on the constant Ω 0 , but only on the power 2n + 1. We require four pulses because we have four (real) conditions to satisfy in order to perform a rotation by an angle φ and to cancel out error due to driving field and orthogonal-to-driving-field noise. We will assume throughout, without any loss of generality, that the four pulses are of equal duration, i.e., they each last for a time 1 4 T , and will label the value of the driving field for each segment Ω k , with k running from 1 to 4. Doing this, the condition that we perform a rotation by φ becomes
Let us now introduce the dimensionless quantities, ω k = Ω k T / . We may then write
Similarly, we may write the condition for canceling driving field noise as
Finally, the condition for canceling error from the δβ term is
We will now need to solve for the values of the ω k numerically. We have obtained values for the cases, n = −2, −1, 1, and 2, corresponding to f (Ω) ∝ Ω −3 , Ω −1 , Ω 3 , and Ω 5 , respectively, and for arbitrary rotations, thus showing that it is in fact possible to correct for both driving field noise and orthogonal-to-driving-field noise. We present plots of the parameters that we obtain below as a function of the rotation angle φ for 0 ≤ φ ≤ 2π in Fig. 1 , as well as tables of values for some of these rotations in Tables I-IV . These are by no means the only solutions to the equations given above; they are provided as examples to show that it is in fact possible to satisfy all of the required constraints for the values of n considered. Also, we note that these parameters are independent of the proportionality constant, as it cancels out of the equations. 
A. Evaluation of error
We now evaluate the error in our error-corrected pulse sequences against the corresponding naïve operations. We will use the state-averaged infidelity as our measure of the error. The fidelity of a gate as a function of the initial state |ψ , F (ψ), is simply the probability that one will measure the qubit in the state that the gate was intended to evolve it into 18 :
where R is the ideal gate and U is the actual gate. We define the infidelity as 1 − F (ψ). The state-averaged in- fidelity 1 −F is simply the infidelity averaged over all distinct qubit states, parametrized as
The state-averaged infidelity may be written as
Evaluating the integral, we obtain
We evaluate the infidelity numerically for rotations by
and for f (Ω) ∝ Ω 2n+1 with n = −2, −1, 1, and 2, and provide plots of the results for both the naïve and corrected sequences for two cases, δ = 0 and δ = δβ in Figs. 2-5. Note that we do not present plots for δβ = 0, since, as argued earlier, the corrected sequences result in exact cancellation of error, and thus the infidelity for these sequences would be exactly zero for all values of δ . We choose to present just the plots for rotations by π 2 because they are representative of the general features found for all rotations. We see that, indeed, the corrected pulse sequences result in lower infidelities by several orders of magnitude than the naïve sequences. In some cases, the decrease in infidelity is especially large; this is likely connected to the fact that, if δβ were to be zero, then these sequences would exactly cancel noise-induced error. We note that the infidelity, in some cases, oscillates for larger values of δβ. A similar effect can be seen in the results of Ref. 19 (which considered two-qubit gates), and is an interference effect. and Ω0 = 0.05 T . The blue curves represent the naïve pulse sequences, while the red curves represent the corrected sequences.
IV. TRAPEZOIDAL PULSES
We now consider the case of trapezoidal pulses. Such pulses are similar to the square pulses just considered, but include ramp up or down segments as well. We consider such a shape because, in reality, experimental setups cannot produce perfect square pulses-there will always be a finite rise or fall time. The basic building blocks of these sequences will be of the form,
This pulse represents a linear ramp up/down of the driving field from Ω n−1 to Ω n over a time αT , where T is the duration of this segment of the pulse train and 0 < α < 1 is an arbitrary constant determining what fraction of the segment is spent on the ramp up/down, followed by holding the field at a constant value Ω n for the remainder of the duration. We will build up our corrected pulse sequences from four of these segments, plus a final ramp down to zero.
We also start the first segment from zero (i.e., ramp up from zero to a constant). For simplicity, we will assume that the four segments are all of equal length, and that all ramps up and down take the same amount of time (i.e., the four segments all have duration T , and all ramps up and down, including the final one, have duration αT ). We can express the formulas giving the error correction conditions in analytic form as follows. We first calculate the contributions to the left-hand sides of these conditions for a single segment of the form given above. Doing this, we find that the contributions to the (ideal) rotation angle about the z axis, to the left-hand side of Eq. (7) and to the real and imaginary parts of the left-hand side of Eq. (4) are, respectively,
where τ = t T , ω n = T Ω n , and C(x) and S(x) are the Fresnel integrals, ( 
7) only involve a simple integral of a function of Ω(t)-Ω(t) itself and [Ω(t)]
k , respectively, to be exact-and thus the contribution of each segment simply adds to that of the previous segment(s). However, the contributions to the left-hand side of Eq. (4) are more complicated-they involve an integral of a function that itself involves an integral of Ω(t), namely, exp − i t 0 Ω(t) dt . We may still use the above expressions to build up the full error cancellation conditions by noting that the contribution from the n th segment acquires an extra phase factor of exp −i n−1 j=1 φ j in the full expression for the δβ error cancellation condition.
As before, we solve the resulting equations numerically. We consider here the case, f (Ω) ∝ Ω 3 and α = 0.05. We find that, once again, it is possible to correct rotations by arbitrary angles, and we give the parameters that we obtain for certain rotations in Table V . It is straightforward, if tedious, to obtain similar parameters for other powers (i.e., values of k different from 3). 
A. Evaluation of error
We now evaluate these pulse sequences to show that they indeed cancel noise-induced errors to first order. We once again adopt the state-averaged infidelity, Eq. (39), as our metric. In this case, we cannot solve for the evolution operator for the ramp up/down portions of the pulse sequences analytically, so we must do so numerically. We use as our "naïve" pulse sequence a single trapezoidal pulse that begins and ends with Ω = 0 and has the same duration as our corrected pulse sequence. We determine the infidelity for the same two cases as for the rectangular pulses, δ = 0 and δ = δβ, and plot our results in Fig.  6 . We see that, once again, the pulse sequences work as intended-they cancel noise-induced errors to first order, and reduce infidelity by many orders of magnitude if the noise is sufficiently small. 
V. CONCLUSION
We have determined conditions under which it is possible to cancel both (longitudinal) driving field noise and (transverse) orthogonal-to-driving-field noise in a qubit driven along its logical z axis. We considered the Hamiltonian, Eq. (6), which we repeat here for convenience:
where f (Ω) is some function of the driving field Ω(t). We specifically set out to determine what forms of this function allow us to cancel the effects of the noise terms, the driving field noise (δ ) and orthogonal-to-driving-field noise (δβ). We considered power law forms for f (Ω), i.e., f (Ω) ∝ Ω k . We began by deriving the conditions for canceling the effects of these two error terms to first order. We showed that the condition for canceling the effects of the δβ term to first order was identical to that obtained in Ref. 13 in the case that this was the only term present. Therefore, the corresponding condition for the δ term simply imposes a further constraint on the driving field. This second constraint, unfortunately, does not permit cancellation of driving field noise-induced errors in arbitrary rotations for the power law form of f (Ω) ∝ Ω k if the exponent k = 0 or 1. More specifically, cancellation of these errors is only possible for the identity operation if k = 1, and is not possible for any operations if k = 0. Furthermore, it does not allow for cancellation if k is any even integer. However, we find that, if k is any odd integer besides 1, then we can correct noise-induced errors in the presence of both driving field and orthogonal-todriving-field noise. We in fact determine four-part sequences of square pulses of equal duration (corresponding to the number of real-valued constraints that we must satisfy) that do just that. Our choice of square pulses is motivated by the work of Ref. 17 , which shows that, for the system that we consider, square pulses minimize the time duration of all possible error-correcting pulses.
We then evaluate the effectiveness of these sequences at combating errors by determining the infidelity of both the naïve and corrected versions of sequences for implementing rotations by π 2 . We should emphasize that the condition under which error correction is possible only applies to the system that we considered, in which the only intentionally applied field is the driving field along the logical z axis, i.e., there are no fields applied along, say, the logical x axis. For example, all of the work on supcode and its generalizations [20] [21] [22] , which considers a system in which there are driving fields along two axes (specifically a singlet-triplet qubit), i.e., H = 
assumes that f (Ω) ∝ Ω, which we have just shown does not permit error cancellation for the Hamiltonian considered in this work. In fact, the specific platform being considered in those works is restricted to positive values of Ω(t), and thus error correction should be possible for any power law form of f (Ω). An important extension of the present work and of the work that inspired it 13,17 would be to consider the case in which we include an intentionally applied field along the logical x axis. This, however, would be a much more difficult problem to solve, as there is no known exact solution for arbitrary pulse shapes to the resulting Hamiltonian. This remains an important future problem to solve, but our work shows that, at least when the driving field is only along the logical σ z direction, geometrical dynamical decoupling techniques can indeed correct for errors arising from quasistatic noise existing along both x and z directions provided certain well-defined conditions are satisfied by the longitudinal noise term. Our results apply to all physical qubits obeying Eq. (6).
